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Abstract. We extend some recent results of Lubinsky, Levin, 
Simon, and Totik from measures with compact support to spectral 
measures of Schrodinger operators on the half-line. In particular, 
we define a reproducing kernel Sl for Schrodinger operators and we 
use it to study the fine spacing of eigenvalues in a box of the half- 
' line Schrodinger operator with perturbed periodic potential. We 

show that if solutions it(£, x) are bounded in x by e ex uniformly for 
£ near the spectrum in an average sense and the spectral measure 
is positive and absolutely continuous in a bounded interval / in the 
interior of the spectrum with £o £ I, then uniformly in / 
S L (So+a/L,£ + b/L) sin(7rp(go)(a - b)) 
Sl^oAo) ^ irp(Z )(a-b) ' 

where p(£)d£ is the density of states. We deduce that the eigenval- 
ues near £o in a large box of size L are spaced asymptotically as . 
We adapt the methods used to show similar results for orthogonal 
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1. Introduction 



In this paper we exploit the similarities between differential and 
difference equations to show a half-line Schrodinger operator ana- 
logue of recent results of Lubinsky, Levin, Simon, and Totik. Let 
drj = w(x)dx + drj s be a probability measure supported on [—1,1]. Let 
the polynomials p n be orthonormal with respect to the L 2 (dt]) inner 
product. The Christoffel-Darboux kernel K n , given by 

n 

K n(x,y) = ^2pk(x)p k (y)- (1.1) 

fc=0 
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(see for example [15], [8], p3]), is characterized by the reproducing 
property, i.e. for all k < n, 

Pk{y) = J K n (x,y)p k (x)dr](x). (1.2) 

The measure dr\ on a compact set e is regular [15] if for any e > 
there exist 5 > and a constant C so that 

sup \ Pn (y,drj)\ <Ce m . (1.3) 

dist(j/,e)<<5 

Let / C (—1, 1) be a closed interval and dr\ is regular such that 
supp(c?yU s ) fl / = and w is continuous and nonvanishing on /. Then 
Lubinsky [8J shows that for a,6 G 1 and uniformly for Xq E I 

lim ^n(x + |^o + |) = sin(7rp [ _i i i ] (a;o)(a-6)) 
ifn^o^o) 7rp [ _ 1> i](a;o)(a - 6) 



- cc 



where p[-i^](xo) = (7Ta/1 — Xq) _1 is the density of states for [—1,1]. 
This result is interesting for both the study of orthogonal polynomials 
and of random matrices. It relates a fundamental object to the sine 
kernel and implies that the left hand side of (11.41) only depends on the 
continuity and positivity of the measure dr\ at x and its essential sup- 
port. Additionally, Levin-Lubinsky [7] obtain the asymptotic spacing 
of the zeros of orthogonal polynomials near Xq from (11.41) . 

In this paper we provide definitions of a reproducing kernel Sl and of 
regularity for half-line Schrodinger operators. We prove the analogous 
results for perturbed periodic half-line Schrodinger operators. 

Let 

A<f>{x) = + V{x)4>{x) (1.5) 

dx z 

be a Schrodinger operator on L 2 [0, oo) with either Dirichlet or Neu- 
mann boundary condition at x — 0. We assume throughout that V is 
locally integrable and bounded from below. Let u, y be the standard 
fundamental solutions of the eigenvalue equation of the operator A: 

A<f>({,x) = t<f>(t,x) (1.6) 

with initial conditions 

u(£, 0) = 1 = y'(£, 0), u% 0) = = y(£, 0). (1.7) 

Throughout the paper, u', y' denote the derivative with respect to x 
and e = <T eS s(^4)- Our results are valid for both Dirichlet and Neumann 
boundary conditions, but we only give the proofs for the Neumann 
case. There is a shift of notation here, so x in our setup is analogous 
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to n of the discrete case, and our £ is the analogue of x of the discrete 
case. 

We now define a reproducing kernel Sl for Schrodinger operators. 

Definition 1.1. Given a Schrodinger operator A as in with the 

Neumann boundary condition we let the reproducing kernel be 

S L {t,C)= I u{£,t)u{C,t)dt. (1.8) 
Jo 

There exists a measure da (Theorem 2.2.3 of [10]; we change variables 
from Marchenko so that his \/£ is our £) which makes the following two 
formulas hold for every function / G L 2 [0, oo): 



W((J)= / f(x)u((,x)dx (1.9) 
Jo 

f(x)= [ W((J)u((,x)dti(0- (1-10) 



Here d/i is the spectral measure of the operator A as in (11.51) . We see 
that the reproducing property is satisfied with respect to d\x: 

u{Z,, x)X[o,L]( x ) = J S L(£,()u((,x)dfi((). (1.11) 

We are primarily interested in the case where the potential V = q+p 
where p is periodic with period P and continuous. 

Definition 1.2. We call a perturbation q non- destructive if it leaves 

the essential spectrum unchanged and zero-average if 

1 1 \q(t)\dt -> 0. (1.12) 



x 

We assume throughout that the perturbation q is a non-destructive 
zero-average perturbation (e.g. q — > at oo). 
We can now state our main result: 

Theorem 1.3. Let A = —-^2+p(x)+q(x) with periodic and continuous 
p and non- destructive zero-average q and let du(£) = w(£)d£ + du s be 
its spectral a measure. Let I C z tnt be a closed and bounded interval 
such that w is continuous and non-zero on I and supp(d/x s ) PI I = 0. 
Let £o G / and a,b,B e R. Then uniformly in I and \a\, \b\ < B 

S L (£o + a/L,£ + b/L) sm(np(£ )(a - b)) 

Sl(£o,£o) np^ )(a-b) ' 1 • } 

where p(£)d£ is the density of states. 
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Like in the discrete case, the asymptotic behavior of the kernel Sl 
for the perturbed periodic operator A depends on the density of states 
p(£)^£ °f the periodic operator A*, defined, for example, in Berezin- 
Shubin (Section 2.3 of [JJ). The measure p(£)^£ is the same for Dirichlet 
and Neumann boundary conditions. 

It is well known that 

vl x Pn(x)Pn-l(y) ~ Pn-l(x)Pn(y) 

K n (x,y) = . 

x-y 

This expression is called the Christoffel-Darboux formula, and we show 
its analogue in Section [3] for Sl- From (I1.13P and the Christoffel- 
Darboux formula (13.41) we deduce that the zeros of u'(—, L), scaled by 
the density of states, will be asymptotically equally spaced, like the 
zeros of the sine function. We adapt the definition from [6]: 

Definition 1.4. Fix £* in an interval I, and number the zeros £jv of 
u'(—,L) with increasing positive integers to the right of and decreas- 
ing negative integers to the left so that ... < £_x < < £ < We 
say there is strong clock behavior of zeros of u' at on an interval 
I if the density of states p(£)d£ is continuous and nonvanishing on I 
and for fixed n 

limL|(£ n -£ n+1 )|p(f) = l, (1.14) 

L— >oo 

and we say there is uniform clock behavior on I if the limit in 
Hil.14 ) is uniform on I for fixed n . 



This nomenclature comes from the theory of orthogonal polynomials 
on the unit circle. There, when zeros of polynomials exhibit clock 
behavior, they do indeed look like marks on a clock. In Section [61 we 
show 

Corollary 1.5. Let A, t, I , £ as in Theorem Then there is 

uniform clock behavior of the zeros of u' and y on I . 

It is well-known (e.g. Theorems 5.18, 5.20 of [To] ) that the spacing 
of eigenvalues for functions on [0, L] is the same as the spacing of zeros 
of y(£, L) in £ in case of the Dirichlet boundary condition at and L 
and of L) in case of the Neumann boundary condition. 

In our setup, we use the space 

tf L = jvr : tt(0 = J /(x)cos(v^x)dx,/eL 2 [0,oo)j (1.15) 

as the analogue of the space of polynomials with degree less than or 
equal to n. Just like polynomial degree, when two functions with pa- 
rameters L and N are multiplied, if the product is in Hm for some M 
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then M = L + N, since multiplying exponentials adds their exponents. 
The orthogonal polynomials with degree smaller than or equal to n are 
a basis for the space of polynomials with degree less than or equal to 
n. The analogous property of H L is 

H L = {tt : tt(0 = [ L f{x)u{£, x)dx, f G L 2 [0, oo)}. 
Jo 

This follows easily from Marchenko (see (1.2.10), (1.2.10") of [ID]), 
which gives the existence of a continuous integral kernel M, such that 

40=/ f{x)(u{£,x)+ [ M(x,t)u{S,t)dt) dx. (1.16) 



JO \ JO / 

The space of polynomials of degree less than or equal to n is usually 
considered with the L 2 (dri) inner product. Analogously, we give Hl 
the following inner product: 



<7ri,7r 2 ) = J 7ri(C)7r 2 (0<*MO, (1-17) 

where dfi is the spectral measure. 

The minimizer of 1 1 tt (x/) 1 1 x, 2 over polynomials tt with deg tt < n and 
tt(x) = 1 is equal to ^ n |^j and the minimum is equal to K n (x, x)^ 1 . 
This property is called the variational principle and we show its 
analogue for S^: 

Theorem 1.6. If fi is an unnormalized spectral measure, then 

min{||Q|| dM : Q G H L ,Q(£ ) = 1} = ^(eo^o)" 1 , (1-18) 
and the minimizer is given by 

Sl(£o, ^o) 

We give the minimum its own letter: 

Ax(e) = &(e,e) -1 - (1.20) 

Returning to the orthogonal polynomials case for motivation, we 
summarize Lubinsky's method for showing (jl.4p . He notes that if 
dr), drf are regular measures on [—1, 1] with dr\ < dr\* and K* is the 
Christoffel-Darboux kernel associated with dr)*, 

\K n (x,y)-K*(x,y)\ < / K n (y, y) V /2 / ^(x,x) \ 1/2 ^ 2 



K n (x,x) \K n (x,x)J \ K n (x,x_ 

This inequality, called Lubinsky's inequality, implies that in order 
to understand the left hand side of (jl.4p . it is sufficient to understand 
Kj[(x,y) for some model measure drf 1 and the behavior of a ratio of 
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diagonal kernels. A model drf* with w*(xo) = w(xq) is chosen, for 
which K*(x,y) can be computed directly. Then drf = sup {dr/* , drj} 
dominates both drj and drf 1 and a has similarly nice local behavior at 
Xq with w*(xq) = w(xq). By the variational principle, the ratios of the 

diagonal kernels ^ifegj and both converge to 1, and Lubinsky's 

inequality and a comparison of the two resulting expressions yields 
the desired result. Simon [TJ] and Totik [18] extend this argument to 
measures with supp ess ((i?7) = Ulj a finite union of intervals. In this 
paper we adapt all the steps to Schrodinger operators. 

We adapt the regularity condition to spectral sets of half-line 
Schrodinger operators as follows: 

Definition 1.7. Suppose e C K is the essential support of a spectral 
measure dfi of a Schrodinger operator with Neumann boundary cond- 
tion. We say dfi satisfies regularity bounds if for any e > there 
exists 5\ > 0, C such that for all £ with dist(£, e) < 5\ the solution u 
satisfies 

[ u{^xfdx < Ce eL , (1.22) 
Jo 

with C not dependent on L. 

In Section [2] we show that a Schrodinger operator with potential of 
the form q(x) + p(x) with continuous periodic p and non-destructive 
zero-average q (as in Definition 11.21) satisfies regularity bounds. 

Lubinsky's inequality carries over exactly to our setup, as we show in 
Section [6j Similar to Simon [13] and Lubinsky [8], we need a measure 
c ^A i# (0 = w *(Od-^ + dfif, which corresponds to a Schrodinger operator 
A* and satisfies the following properties (we call such a measure a 
model) 

(1) o- css (n*) = e 

(2) w* is continuous and nonvanishing on e 

(3) For any compact interval / C t mt and e > as L — > oo uni- 
formly on I 

sup e- tL S L (£ } £, dfi*) -> 0. (1.23) 

€6/ 

(4) For any compact interval I C z mt for all £ G I uniformly, 

lira lim = 1. (1.24) 



(5) For £(L) - £ in e 



int 



r lim c n c \ = 1 ( L25 ) 

L^oc ^ L (4o,£o) 
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and this limit is uniform in I. 

We need these properties in the proof of Theorem 11.81 Theorem 
15.31 immediately implies that the operator A* with periodic potential 
satisfies model conditions 3-4. In Theorem 15.11 we notice that model 
condition 5 is satisfied. Thus, A* is a model. We therefore can use the 
periodic potential as a model for e, whenever q is non-destructive. 

The essential spectrum e of a periodic Schrodinger operator is a 
union of closed intervals. Let A be the discriminant of the periodic 
Schrodinger operator A* = — + P (as in for example Chapter 2 of 
[9]). The spectrum of A* is the preimage of [—2,2] under A. We let 
e = U(7 n ,r n ] so that A is a invertible on each [l n , r n ). We call each 
[Z n ,r„] a band and each interval in R\e a gap. When r n = l n+ i, we 
call the point £ = r n a closed gap. The perturbed operator may have 
countably many eigenvalues in each gap, but the only limit points are 
the bands' endpoints. Furthermore, there exists a first band, so shifting 
q by a constant in energy, we can assume that mine = 0. When p is 
bounded, the size of the nth gap goes to as n — > oo (Lemma 2.9 of 
[9]), so only finitely many gaps and finitely many eigenvalues do not 
lie in {£ : dist(£, e) < Si} for any Si > 0. 

The same is true for the comparison measure dp* which we construct 
to dominate both dp and dp* and to be continuous and non- vanishing 
on / with w*(£o) = w(£o)- We let dp* be the sup of dp, dp* on a 
compact subset of R and dp + dp* on the rest of R. The compari- 
son measure is a scalar multiple of a spectral measure, as we show in 
Section [6j We call such measures unnormalized spectral measures, as 
analogous to unnormalized measures on compact sets. If u, y is a fun- 
damental system of solutions and Sl the reproducing kernel associated 
to a spectral measure dp, then for s > we associate ^j=, and the 

reproducing kernel -Sl((, £, dp(£)) to d(sp). A spectral measure dp 
must have a prescribed asymptotic at infinity (Theorem 2.4.2 of [10J), 
which implies that the normalization constant s is unique and the re- 
producing kernel is well-defined. Henceforward, we use the letters dp, 
dp* to denote spectral measures which may be unnormalized and all re- 
sults in Section [3] are shown for unnormalized spectral measures. Also, 
the definition of regularity bounds works just as well. 
In Section HI we show 

Theorem 1.8. Suppose dp(£) = w(£)d£ + dp s , dp*(^) = w*(£)d£ + 
dp* are unnormalized spectral measures with o~ ess (dp) = a ess (dp*) = 
e. Suppose dp, dp* satisfy regularity bounds and have finitely many 
eigenvalues outside of {£ : dist(£, e) < Si} for any Si > 0. Let I C t mt 
be a closed and bounded interval such that w,w* are continuous and 
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strictly positive on I and (supp(dp s ) U supp(d/x*)) D I = 0. Let £,0 E I 
and £(L) — > £0 as L ^ 00. Then uniformly in I 

S L (£{L),Z(I<),ri n , fi x 

&(ew,e(i),^) " «*($>)' 1 ' J 

In Section we compute the universality limit of the kernel in the 
unperturbed periodic case to be 

lim Sl(£o + i»£o + i) = sin(7rp(^ )(a-&)) 2 
SiXfojfo) 7rp(^o)(a-&) 
where p(£)d£ is the density of states corresponding to the periodic 
Schrodinger operator. To make this calculation, we use a standard 
formula to express the density of states in terms of the imaginary part of 
the diagonal Green's function, and then we express the Green's function 
in terms of the solution u. 

From Theorem 11.81 and adapted Lubinsky's inequality we deduce 
Theorem 11.31 

As an example we consider the case p = 0. In Section [7] we show 
by direct computation that given same conditions on the measure as 
in Theorem 11.31 we have 

Um s M + i ,( + i) = ™ (g) (Vg 

l^oo S L (£,g) a-b 
which yields that the eigenvalues in a box of size L are spaced asymp- 
totically as 2^7? ■ 

2. The Perturbed Periodic Potential 

Let c be the essential spectrum of a Schrodinger operator with pe- 
riod P periodic potential p and either Neumann or Dirichlet boundary 
condition. The goal of this section is to show 

Proposition 2.1. A Schrodinger operator with essential spectrum e 
and potential V(x) = p(x) + q(x) where p is periodic and continuous 
and ^ Jq \q{t)\dt — > satisfies regularity bounds. 

Fix e > and let i f£ \p(t) + q(t)\dt < M for x > Xo, some Xq. 

To prove fll.22p . it is sufficient to show that u(£,x) 2 dx < Ce eL 
separately for three cases of £, where C is uniform in £, L: 

(1) £ > shown in Lemma O 

(2) £ < ^75-, £ in the interior of e, but slightly away from the 
endpoints of the intervals, i.e. £ G (U[/ n + e, r n — e]) fl [0, ^f^], 
shown in Lemma [2.31 
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(3) £ < ^5- and £ near the interval endpoints i.e. £ € (U[Z n — e, Z n + 
e] U [r n — e, r n + e]) PI [0, ^-], shown in Lemma I2T41 

Lemma 2.2. Let A = — -4% + V^x) 6e a Schrddinger operator with V 
such that I J? |V(t)|di bounded in x as x — > 00. T/ien £/ie solutions 
u, y of the eigenvalue equation satisfy 

S§ \v(t)\dt 

u(£,x)<Ce (2.1) 

y(£,x)<Ce^7^. (2.2) 

Proof. Using successive approximations, we can perturb about the so- 
lutions with V = 0. Chadan-Sabatier ((1.2.3), (1.2.4), (1.2.6), (I.2.8a) 
[2]) show (12. 2p . and using cos(y^x) as initial data instead of (1.2.3) 
gives d2Hl>. □ 

This lemma indeed implies that for \/£ > — the solution u satisfies 
u(x) < Ce^ ex , which implies u(^,x) 2 dx < Ce eL . 

Lemma 2.3. Let [l n ,r n ] be a band of the spectrum for a Schrddinger 
operator A = —-^2 + q(x) + p(x) with periodic and continuous p and 
non- destructive zero-average q ( Definition Then the solution u of 
the eigenvalue equation with the Neumann boundary condition satisfies 
J i u(£,x) 2 dx <Ce eL for^e (U[Z n + e, r n -e\) D [0, R), where R = 
and same holds for the solution with the Dirichlet boundary condition. 

Proof. Let Wp(£, x), y p (£, x) be the solutions of A* = — + p(x) with 
boundary conditions 

up(£,0) = l = j£(£,0) 

y p (e,0) = = ^(e,0) 

By Floquet's theorem (for example Section 1.2 of [9] and Theorem 
XIII. 89 of [EE]), there exists a solution f(£,,x) = e l9 ^ x (j)(^, x), where 
is periodic in x with period P. We normalize /'(£, 0) = 1. The 
exponent is not or 71 away from band endpoints, so that / is 
linearly independent of / for £ G U[/ n + e, r n — e]. Then 



u(£, x) = ai (0m x) + a 2 (0m, x). (2.3) 
We solve for a 1; a 2 in terms of £. We get that 



i = M (e,o) = a 1 (o/(e,o) + a 2 (o/(e,o) 



= u% 0) = a x (£)/'(£, 0) + a 2 (£)/'(£, 0) = + a 2 (0, 
so that 

= - fl 2(0 
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Substituting 



we get 



a 1 (O = (2z3/(e,0))- 1 = -a 2 (O- 



Since /, / are independent, ^ and, by Theorem XIII. 89 of [TT] . 
/ is analytic in £ on [l n + e,r n — e\. This implies that ai, a 2 are 
analytic as well. The function |/| is continuous in both x and £ on 
[0, P] x (U[/ n + e, r n — e] fl [0, i?]), therefore it achieves its maximum 
on this set. Since |/| is periodic and continuous in x with period P, 
the maximum of |/| in x for fixed £ occurs on [0, P\. This implies that 
w p (£, x) < K where K is constant in x and £ G U[/„ + e, r n — e] PI [0, R]. 

We use the method of variation of parameters about u p (£, — ), 
2/ p (£, — ) and Gronwall inequality. Let a, 6 be given by 



u[x) 
u'{x) 



u p (x) y p (x) 
u' p (x) y' p (x) 



Then we get that 



a(x) 
b(x) 



+ I Q(t) 
'o 



u 2 



<1 + K, \q(t)\ 



a(t) 
bit) 



a{x) 
b(x) 



-y P 

UpVp 



(2.4) 



a(t) 

m 



dt 



where Ki > \y p u p \ + y 2 + u 2 + \u p y p \ is constant in x and £ by the 
argument above. We apply the Gronwall inequality to this integral 
equation to get 



\a(x)\ + \b(x)\ < K 2 e Kl ^\ qmdx . 



(2.5) 



Then we take the matrix norm in (j2.4p and, recalling that 
- J* \q{t)\dt — > 0, we get f 1 1 . 2 2 j) for large L and for all L by choos- 
ing C appropriately. □ 



r„. 



be a band of the spectrum for a Schrddinger 



~j~2 + q(x) + p(x) with continuous periodic p and 



Lemma 2.4. Let [l r 

operator A = — 

non- destructive zero-average q ( Definition 1 1 . 2\) . Then the solution u 
of the eigenvalue equation with Neumann boundary condition satisfies 
u(£,x) 2 dx < Ce eL for 

T AM 2 ' 

£ G (U[/ n - e, l n + e] U [r„ - e, r n + e]) n 0, 



The same holds for the solution with the Dirichlet boundary condition. 
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Proof. Let £ £ [l n — e, l n + e]. We once again use the method of varia- 
tion of parameters but this time about the solutions u p (— , l n + e) and 
y P (—J n + e), i- e. the periodic solutions as before but at £ = /„ + e 
fixed. Like in the previous lemma, u p (x, l n + e), y p (x, l n + e) < K where 



K is constant in x and £ £ {/„, r n } 



net 



n 







4M 2 



We get 



a(x) 
b(x) 



+ 



d 



<1+Kx (2e+\q(x)\) 



a(t) 
bit) 



u 2 p 



dt. 



UpVp 



a(t) 
Kt) 



As in proof of the previous lemma, applying Gronwall inequality and 
picking C appropriately we get (jl.22p . □ 

The three lemmas imply Proposition 12.11 From Lemma 12.21 we get 
(ll.22p for large £. This leaves only finitely many bands, so it suffices 
to consider the remaining bands one at a time as in Lemmas 12.41 and 



dt 



3. Variational Principle and the Christoffel-Darboux 

Formula 

We let T L F(£) = J F(£)Sl(£, ()dfi((), where dp, = d{sv) is a scalar 
multiple of a spectral measure dv. We show that Tl is the orthogonal 
projection onto Hl- We first show 

Lemma 3.1. The function cos(y^N) is fixed by Tl for N < L. 

Proof. Let u be the solution associated to d\i. There exists a continuous 
integration kernel M ([3], (1.2.5") [10j) such that 

cos(vgx) = I* M(x,t)utt,t)dt. (3.1) 

V* Jo 

Substituting this expression for cos (vfo) in evaluating Tl( cos ^P^ ), we 
check 

^^S L (C,Odfi{Z) = u{Z,N)+J M(N,t) J u(Z,t)S L (UW{Z)dt 
= u(£,N) + [ M(N,t)u^,t)dt = - S ^ N ^ 



Here we use Fubini's theorem, the reproducing property of Sl (noting 
that N < L), and we recover the last equality again by ( 13. ip . □ 

We then show that Tl fixes £ Hn for N < L. 
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Corollary 3.2. IfitNiO = / fix) cos(\/£x)dx for some function f e 
L 2 ([0,iV]) andN<L, themr N (0 = SMC)Sl{£, 0^(0- 
Proof. This is a straightforward calculation, using (13.11) : 

/• /-AT 







A' 







/(x) / cos( v / Ca;)5' L (^C)^(C)rfx = 7Tjv(0- 
Here we make use of Fubini's theorem and the Lemma [3. 11 □ 



Theorem 3.3. The operator (T L n N )(t;) = J ttn(C)Sl{£, 0^(0 ^ s an 
orthogonal projection onto the Hilbert space H^. 



Proof. To show that Tl is a projection, by Corollary I3.2I it suffices 
to show that T L n N (^) G for N > L. Recalling that tt n (^) = 
Jo fi x ) cos(^x)dx, we compute: 

MQSL(t,QdtiO= [ MC)( r+ [ )f{x)coa(y/Cx)S L (t,Qdx 



«/L 



= vr L (0 + y d^Qj f{x) C os{^Cx)S L {iA)dx 
We substitute f l3.ll) for cos(\/Ce) to get 

/N 
f{x) <x*(yftx)S L {tX)dx = 

dKC) J l fix) UiC, x) + J Mix, t)u{(, t)dtj S L {£, Qdx 

By Fubini and the reproducing property of the kernel, the first term is 
0. The second term is g(t)u(£, t)dt, where g(t) = J L /(x)M(x, t)dx, 

and / Q L g(t)u(C,t)dt E H L (by (1.2.10) in PS]). 
We next check that T is self-adjoint: 



(g,Tf) d{slM) = d^)gi0 dfiiOfiOSdU) 



dM0/(0dA*(eM0^(c,e), 

since our definition of Sl is symmetric in ( and £. 



□ 



We now prove Theorem 11.6 
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Proof. Fixing £ G C we consider 

inf{||7r|| 2 : tt l (£) = / f{x) cos{^x)dx; 7r(£ ) = 1}. (3.2) 
Jo 

If <p 7^ is in some Hilbert space H, then 

min{|H| 2 : (^,0) = 1} = _L (3.3) 



and the minimizer is given by pjp (Proposition 1.2.1 of |12]). In our 
case, the Hilbert space is H L . The condition that 7r(£ ) = 1 is equivalent 
to 

1 = vrfe) = J dMCMC)&(C,£o) = £„)). 

The proposition is applicable with <f>(£) = Sl(£,£q) G i?£ as shown 
above. Therefore the minimum is equal to 

777T7 c n II 2 = ^i(CojCo) 

and the minimizer is 

Sl(£,£o)/S l (£o,£o). 

□ 

We show the analogue of the Christoffel-Darboux formula here: 
Lemma 3.4. 

u(a,L)u'(/3,L) -u(/3,L)u'(a,L) 

b L (a,p) = (3.4) 

a — p 

Proof. 

u(a, x)u"(P, x) = u(a, x)(q(x) — (3)u(j3, x) 

u(/3, x)u"(a, x) = u(/3, x)(q(x) — a)u(a, x) 

We subtract to get 

u(a, x)u"(/3, x) — u(/3, x)u"(a, x) = (a — /3)u(a, x)u((3, x) (3.5) 

Integrating both sides dx from to L we get the desired formula. The 
left hand side has to be integrated by parts: 

L 

u(a, x)u"(j3, x) — u(/3, x)u"(a, x)dx 



= u(a, 0)u'(/3, 0) — u(a, L)u(/3, L) — u(/3, 0)u'(a, 0) + u({3, L)u'(a, L) 

= u(P, L)u'(a, L) — u(a, L)u'{f3, L), 

for any boundary condition given at and independent of a,/3, such 
as Dirichlet or Neumann. □ 
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On the diagonal, the Christoffel-Darboux formula becomes 

Sl{U) = u'^,x)^-u^,x) - ± u '^x)u^x) (3.6) 

4. Bounds on the Diagonal Kernel 

We will show the analogue of Lemma 3.1 in Simon [T4]. Assume 
regularity bounds (ll.22p on the measure dfi. Let 

Ql(Uo) = ^§^\. (4-1) 
be the minimizer in (13.21) . then 

Lemma 4.1. Let dfi be a measure that satisfies regularity bounds. Then 
for all e > there exist C, 5\ such that \Ql{£,)\ < Ce eL \L((,o) , for 
£e{£:dist(£,e)<M 

Proof. Fix e. A regularity bound (11.221) on a measure dfi implies a 
bound on (Sl^, £o)| by Cauchy-Schwarz: 

□ 

To show Lemma 14.31 we need the following fact about the spectral 
measure: 

Lemma 4.2. Let A be a self adjoint Schrddinger operator and d[i be 
a scalar multiple of its spectral measure. Then for n > 2 there exists a 
constant K 

^f- < K2~ n . (4.2) 

Proof. This follows easily from Marchenko (Theorem 2.4.2 of [10]) for 
the Neumann boundary condition and Section 6 of Gesztesy-Simon [I] 
for Dirichlet boundary condition. □ 

Lemma 4.3. Suppose dfi(C,) = w(^)d^ + dfi s , dfi*(C,) = w*(C,)d^ + d/i* s 
are two unnormalized spectral measures with a ess (dfi) = cr css (dfi*) = 
e. Suppose dfi, dfi* satisfy regularity bounds and have finitely many 
eigenvalues outside of {£ : dist(£, e) < 5\} for any 5\ > 0. Let I C t mt 
be a closed and bounded interval such that w,w* are continuous and 
strictly positive on I and (supp(rf / u s ) U supp(c//i*)) D / = 0. Let £ G / 
and £,{L) — > £o as L — > oo. Then for all sufficiently small 5 and all 
e > and all M there exist 7 < \, C , n such that for all N > n + 1 
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Al(£o,aO< sup [^)x M (^ fi ) + Ce^ M 1 N + Ce 2M 2- 2N (4.3) 



ie-&i<« 



«(0 



450 

Proof. We use the methods of Lubinsky [8] and Simon [1] 
Let Qm be the minimizing function for the measure /1 and 

m = ^f^^ + ^M±^), (4 . 4) 
where T = 1 + -. 

7T 

We notice that 

(1) |F(&)| = i 

(2) |.F(£)| < 7 whenever |£ — £ | > 5, for some < 7 < 1 depending 



on 8, and 



(3) |F(0| < 17% whenever |f - I > 1- 



The function F is just shifted so that is at £ > scaled so 

that exactly one period of the sine happens between and £0, then 
symmetrized to make it even, and then scaled by a factor of k again 
to make F(£ ) = 1- Since = f cos(£x), F is a Fourier transform 
of some even function / supported on [—4^, 4^] and F N is the Fourier 
transform of an even function with support in [— j^]. 

Fix e. Since the measures d\i and d\i* are essentially supported on 
the same set c, we can let 8\ as in the definition of regularity bounds 
( ll.22p for both measures. Let tg 1 = {£ : dist(£, e) < 8{\. We label the 
mass points of dfi* outside with £ 2 , £3, £n}- We can construct 
a polynomial P with zeros at £1, ...,£ n and a local maximum at £0 of 
-P(£o) — 1 with degree n + 1. 

Then let 

Q($) = QM{Z,So,riF N P. 
Since Q(Co) — 1 3 by the minimizing property of A^, 

II0IIW)^ A ^A**)- 
We then find a bound on HQH^^*) from above. 

imi 2 = / iq(oi vxo = ( / + / )iQ(oi>m 

J J\i-io\<s J\z-Zo\>s 
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Both F and P have a local maximum of 1 at Co, so we see that 



L 



K?(0IV(O < ^ / \Q M (0\ 2 M0 

\£o-£\<6 w {^) J\£o-£\<5 



\£-£o\<6 \£o-$\<8 J\£o-£\<S 

< SUp —rp-XM^O^)- 

\£o-£\<S W(Q 

The measure fi* is pure point on M\ts 1 and the zeros of P coincide 
with the mass points of //*, so integrating \F N P\ 2 over the set is 
the same as the integrating over R. We use f ll . 22[) to show that the 
integral of \Q 2 \ over |£ — £o| > 8 is small for large N: 



[ \Q(0\ 2 d^(0 < cx ^ )e4eM I \F(0 N P(0\ 2 d^(0 

J\£-£o\>6 1 J\£-£o\>S,£et Sl 

< cx ^ )e4eM ( [ +[ ) \F(0\ 2N P 2 (Od^O- 



1 W*<|£-&[<2 J\£-£ \>2J 

We have split the integral into two pieces: one that is close to Co 
and one that is far. For the close piece, since 1 is a maximum of F 
on [Co — 2,£ + 2] there exists 7 < 1 such that F(£) < 7 on {£ : 5 < 
|C ~ Col < 2}. Therefore, 

f \F(o\ 2N P 2 m^)<c^ 2N . 

J{£--\£-£o\<2}\lto-6,£ +8] 
For the second piece, 

\ \F(0\ 2N P 2 (ZW*(0< / ,7 FW ^*(0 < ^02-^, 

for N > n + 1. The last bound follows from Lemma [4. 2[ 

Since £ G / C t int for a compact interval I and Am (Co) is continuous 
on /, we can choose C that is uniform in £0 on I in Lemma 14. 31 □ 



We now prove Theorem 11.81 

Suppose dfi*, dfjL, I as in theorem and let £(L) — > Co £ -f- 
Fix 5, e. Let £1 be small enough so that regularity bounds (11.221) 
hold for both //, /i* on and let n be the number of mass points of 
H* outside of E Sl . Pick iVi, N 2 > (n + l)/e so that (1/2)^ < e" 4 and 
7^ < e -4 . Let = maxjiVi, JV 2 } and AT = 2N 3 Me, so that Lemma 
14.31 is applicable and the sum of the second and third terms in (14. 3 j) is 
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0(e- eM ). Divide by \ L (£o, ft) to get 



Al(4o,/^) |*-&|<« V MO / A i(?o,/i) 

(4.5) 

From regularity bounds (11.22H on /i and for fixed N, the second term 
on the right hand side tends to as M — > oo: 

0(e- 2eM )^(eo,eo,^) < 0(e- 2eM )C7e e(Jtf+ ^^ = 0(e" eM ). 

Then we take inf^_^ |<5 on both sides of (14. 5 j) and we adjust the sup 
accordingly to get 

taf < sup inf 



If-&|<« A L (£,/i) |f-fo|<M V w (0 / lf-&|<i A L (£,/i) ' 

We then let 5 — > 0, then M — > oo, and then e — > 0, we get by continuity 
and positivity of w that 



£-^oo \ L (£(L),n) w(Zo) 

To get the opposite inequality, we can interchange \i and fi* in (14. 3p . 
use the corresponding N given by the same formula, and divide by 

All arguments given are uniform in £o G /. 

5. Calculation of the reproducing kernel in the case of 

a periodic potential 

As in Gesztesy-Zinchenko ((2.8) of [5J), for z G C\R let ip{z, -) G L 2 , 
with ip(z,0) = 1. Then the m-function is given by 

x) = y(z, x) — m(z)u(z, x). (5.1) 

Similarly let ip be the L 2 solution with ip'(z,0) = 1. Then the corre- 
sponding m-function is given by 

ij;(z, x) = u(z, x) + rhy(z, x). (5.2) 

Theorem 5.1. Let A* = —-j-? + p be a Schrddinger operator with 
continuous periodic potential p and either the Neumann or the Dirichlet 
boundary condition, and let p(£)d£ be its density of states. Let (,o E I C 
a ess (A^) mt , where I is a closed and bounded interval. Then for a, b G R 
uniformly in I 

(I) 



lim = P^p) (5 3) 



and 
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(2) 

Sl(£o + f,£o + i) = sin(7rp(^o)(fe-a)) 
SiX&bfo) np(£ )(b-a) 
(3) Furthermore, U.25\) is satisfied. 



Proof. The methods used here are similar to 

(0Q) We first show convergence then uniformity. We use the well 
known formula relating the p(0 and where G is the Green's func- 
tion. Gesztesy-Zinchenko ((2.18) of [5]) gives the Green's function 
explicitly, so we compute: 

1 f L 

p(0 = lim — lim / ^s(G(x, x, £ + ie))dx 

L—*oo L <e|0 Jq 
1 f L 

= lim —lim / Q(u(f + it, x)ib{£ + ie, x))dx 

L-oo L e|0 ,/ 

1 /" L 

= lim — lim Q7n(£ + ie) / u(£,x) 2 dx 



lim — -J- / u(t,x) 2 dx 

L^oo TlL Jq 



Now, lim e j 3m(^ + ie) = u>(0 a.e., so the equality holds a.e.. 

We use continuity to show equality everywhere and uniformity of 
convergence. We let £ £ I C e m * and f(£,,x) = e ie ^ x (p(t,x) be the 
Floquet solution normalized so that /'(£, 0) = 1. Here is periodic in 
x as in [U]. Then /(£, 0) ^ M, and we claim that 



u(£, a;) = (5.5) 

/(&o)-/&o) 

Since /, / are solutions of the eigenvalue equation, so is the right hand 
side of ( 15.51) . Therefore it suffices to check that the right hand side 
satisfies the Neumann boundary conditions, and it does. 
Let 

g(£,x) = . (5.6) 

/(£, 0) - fit, o) 

Then 

u(£, x) = e w ^g{i, x) + e- »® x g& x). (5.7) 

The Wronskian of e ie ^' x g(£, x) and e~ z9 ^ x g(£, x) is 



W(0 = -2ig(£, x)g(£, x)9(Q - g{i, x)g\i, x) + g(£, x)g'{^ x) 
Substituting (15. 7\i for u in (13.61) we get that 

5^,0 = 2^(0^(0 + 0(1). (5.* 
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where 0(1) is bounded uniformly in £ £ I and L. Both 29\^)iW{^) 
and are continuous in £ and equal a.e., meaning that 

Um MM> = m) iW(0 = ^ (5.9) 

for all £ £ /. The convergence in (I5.3P is uniform. 

A similar argument yields the result for Sl corresponding to the 
Dirichlet boundary condition. 

(j2J) For the Floquet solution / normalized so that /'(£, 0) = 1 we 
have 

f(Z,Pk + s) = f(Z,s)e ike ® 



By analytic perturbation theory (e. g. Theorems XII. 13 and XII. 3 of 
[TT]). / is real analytic in 9 for 9 £ (0, 7r) U (7r, 2tt) and at closed gaps 
i.e. 9 = Ti and A' \9) = 0. By Theorem XIII.89 of [llj, f (0) is analytic 
and £'(9) 7^ 0, which implies that is analytic on the interiors of 
the bands. The function 9(£) is also analytic at £o if £o is a closed 
gap. To see this we take the derivative of the discriminant equation 
A(O=2cos(0): 

|(AK))) = ^(0>) = -2sin W . 

At a closed gap £ 0; the right hand side has a single zero and ^D(£) 
also has a single zero. This implies that 4§£,{9) 7^ at a closed gap so 
that is analytic at £ - 

We can therefore take the Taylor series of /(£, s), and /'(£, s) 
to get 

/(6 + p x) = (/(Co, s) + 0(I)) C *W«+^^)) (5.10) 

^m + j,x) = (±m, 8 ) + 0(I))e^ + ^ +0 ^)) (5.11) 
Letting L = Pfc + s, we substitute this into (15. 5p to get 
22/(6 + ^)3/(6 + ^,0) = 



(/(Co, *) + 0(i))e^> + ^ +0 ^ - (/(&, s) + 0(i))e-^^) + ^ + °(l 
From this we get the following by direct computation: 

23/(£o + |, 0)3/(6 + p 0)(y(6 + |, L)2/(6 + £) - 2/(6 + p + 
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= W (fJ)isin(^e>(Z ) + 0{L- 1 )). 
Then substituting into the left hand side of (15 .4p . we get 



Sl{£o + f) £o 



Sl(£o, £o) 

lim wj^mm, o))(y(L, e + jwm ^ + -p - ^ e + |v(l, e+|)) 

" ™™ 9(/(£o + f , 0))9f(/(& + |, 0)>(e )(6 - ^ 

_ sin(7rp(^ )(5 - a)) 

np(£o)(b-a) 
Here we have used that 

™(£) = 3/(£,0), (5.12) 
which we get by substituting 



in (EH}. 

An identical calculation yields the result for the Dirichlet boundary 
condition. 

To show (11.251) . let e(L) — > as L — > oo. Since w is real analytic in 

u 2 (£ + e(L), x) = u 2 ^ x) + ^:(u 2 (£, x))e{L) + o(e(L)), 

a? 

and since / is compact, (m 2 (£, x)) achieves a maximum, so that m 2 (£ + 
e(L),x) = w 2 (£,x) + 0(e(L)) uniformly on /. Thus, 

l im ^ f L u{i + e{L),xfdx = 







lim !^ [ L u^,x) 2 dx + 0(e(L)). 



'0 

□ 

6. Off-Diagonal Kernel and Clock Behavior 



The main goal of this section is to prove our main result Theorem 
11.31 We start by proving Lubinsky's inequality, which is similar to the 
discrete case: 
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Lemma 6.1. Let two measures with d/j,(£) < dfi*(£) be 

unnormalized spectral measures of Schrddinger operators. Then for any 

\S L (£,P,ti)-S L te,P,ti*)\ < ( S L (0,0,n) \ 1/2 ( S L (Z,Z,ti*)^ 1/2 



(6.1) 

Proof. The proof carries over from [8]. Expanding, 
J(S L {£,t,VL)-S L {t,C,if)) a dn{C) = 

= I s L (£,c,/i) 2 rfMO-2 J 5x(e,c,/*)fit(e,c,/**)dM(c) + 1 s^,c,/O^(0 
= ^(e,e^)-2^(e,e,^)+ / ^(e,c,^)^(0- 

Since d/i < dfi*, 

J s L (t,c,if)dn(0 < J S 2 (£,C,/iW(C) = S* L (^0 (6.2) 
Therefore, 



Using the variational principle for the Christoffel-Darboux symbol 
e.g. the minimizing property, for any tt(() G Hl and any (3 £ R 



vr(C) 2 



vr(/3) 2 

Using ?r(C) = S L (£, C, /i) - S L (i, C, //*) we get that 
\S L {& (3, /i) - S L (£, /3, //) | < 5 L (/3, /?, /i) 1/2 (S L (£, e, M*) " S L {£, £, //)) 

□ 

We then show 

Lemma 6.2. Let dfi, dy* be unnormalized spectral measures with 
a ess (dfi) = a ess (dfi*). If dfj,(£) obeys regularity bounds and < 
d}i*(£) then <i/i*(£) also obeys regularity bounds. 

Proof. Since d\i < dy*, \\Q\\ dlJt < \\Q\\ dtl * for all Q E L 2 {dy) n L 2 {dy*), 
so 

M{\\Q\\ dfl :Q(^) = l,Q(0= I f{x)cos{y^x)dx} 

Jo 
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<inf{||Q|U* : Q(£o) = 1,Q(0 = [ f{x)cos{^x)dx}. 

Jo 

By the variational principle, this implies that Al(£,/x) < Al(£, //*). If 
it, w* are the solutions of the eigenvalue equations corresponding to cfyx, 
djj* respectively, then 

Ce eL > [ u(£,x) 2 dx> [ u*(£,x) 2 dx. 
Jo Jo 

□ 

We now prove Theorem II .31 

Proof. Let A = — -£s+p{x)+q{x) and A* = — -^+p(x) be Schrodinger 
operators with periodic continuous p and non-destructive zero-average 
q (Definition II. 2p . Suppose the corresponding spectral measures dfj,, 
dfjfi satisfy regularity bounds. Suppose there exists a closed and 
bounded interval I C a eaa (A) mt such that £o E I, w is absolutely con- 
tinuous and positive on I, and (o~ ess (dfi s ) U a ess (dfif)) Hi — 0. 

Let s > such that sio#(£o) = w(£o). From /x, /x # we construct a 
new unnormalized spectral measure /x* which dominates /x, s/x* and 
is absolutely continuous on / with io*(£o) = w(£o)- Let g?/x*(£) = 
sup{sd/x # (£),d/x(£)}, for ^ < i? and d/x*(£) = sdfi#(£) + d/x(£) for 
£ > i? where i? G R with 7 C (— oo,R). We claim that /x* is an 
unnormalized spectral measure. 

A measure dp is a spectral measure for a boundary value problem 
(Theorem 2.3.1 of [10J ) if and only if 

(1) The functional on H L given by the inner product (— , 7r(£)) di , is 
non-trivial for all non-trivial it. 

(2) The function 

$(a;,v) = J dv{£) (6.3) 

is thrice continuously differentiable in x and $'(0+, i/) = 1. 
Condition (1) is true for dfi*, since it is true for both /x and /x*. To 
show condition (2), let $r(x, v) 

= IzSE^M diy, for any locally 
finite measure dv. Then <&r(x, /x), $#(a;, /x # ), $r(x, /x*) are in C 00 by 
Dominated Convergence Theorem and 

/ - — COS ^ X ^ dfi* = $(x, /x) - /x) + $(x, /x # ) - $r(x, /x # ) 
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is in C 3 as a sum of C 3 functions, making /!*) G C 3 . By conti- 
nuity of &' R (x) and the Dominated Convergence Theorem 

^(0+,/i*) = = J*^-df(t) = o, 

so 

$'(0+,/i*) = $'(0+,/i) + $'(0+,/i # ) = 1 + s. 

Thus, dividing dp,* by 1 + s will yield a spectral measure. Additionally, 
the boundary condition of dfi* is the same as that for d/u,, dp* (Theorem 
2.4.2 of Marchenko [TO]). 

By Lemma [6T21 above. //* obeys the regularity bound. Thus, by (11.81) 

Sl(€o + a/L^ + a/L,n) 
S L (,£ + b/L,Z + b/L,n*) ~* 

and 

Sz(Co + a/£,Co + o/X, s/i # ) 



1. 



S L (Z + b/L,Z Q + b/L,tJ.*) 
Dividing by Sl(Co;Co) an d applying Lubinsky's inequality, we get that 

IMCo +|jo+ j g) - MCo + f , Co + j I 2 
< S L (Co + ~, Co + ~, //) - S L {£ + p Co + p //*), 



and 



|£z(£o + f, Co + i ^ # ) - S L (£o + f , Co + t,/U*)| 2 



<Sl(Co + X' Co + i) ^* 

-- 1 

L 

which gives that 



< S L (Zo + l^o + p six*) - S L (Co + Co + LI* 



Since 

Sl(Co,Co,^) 1 



I. 



Sl(Co,Co,S/! # ) 

we get that 

lim ^(Co+jCo+j/i) = Um ^(Co + f,Co + I,^ # ) 

The limit on the right is equal to (II. 131) and all limits are uniform 
on I and \a\, \b\ < B. □ 
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Like [H], [7j, we can now deduce clock spacing of the zeros for a 
perturbed periodic potential. Here we prove Corollary 11.51 

Proof. Fix an interval I C z %nt and G J. We want to show uniform 
clock behavior at £* of zeros of u' and y in £ as L gets large. More 
precisely, if £ n is a successive numbering of zeros with < < 

£o < Ci < ••• then 

limL|(£ n -£ n+1 )|p(D = l. 
By the Christoffel-Darboux formula (|3.4p . 

for a ^ if and only if S L (£*,£* + a/L) = 0. From fTOBD and (JED 
we see that S L (C,C) = 0{L). Now, by (OS]) and since Sz, (£*,£*) = 
O(L), £* + o/L) = o(l/L) if and only if a = ^ + o(l/L). The 

convergence in L is uniform on J, since f II . 1 3 [) is uniform on /. The 
argument is the same for y. □ 

7. Example: the Free Schrodinger Operator 

The arguments in Section [2] apply also to non-destructive zero- 
average perturbations of the free Schrodinger operator, thus giving us 
the regularity bounds condition. We know the spectral measure for the 
free Schrodinger operator |17j . and it is indeed continuous and non- 
negative on [0, oo). The solution of the eigenvalue equation for the free 
Schrodinger operator 

d 2 
ax 

with the Neumann boundary condition is cos(y / £a;) < e ex on [0, oo). 
We compute £z(£,/3) and 5z(£,£) directly: 

- s: - 

and 

L sin( 2v ^L) 
^,0-2+ 4V£ ' 
Then model property (3) is clear and we check property (4): 

L+eL i sin(2^(L+eL) 
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Locally at £o we get 

Hm S L (S + a/L,£ + b/L) = 2y^sin(^) 
l->oo S L {£o,£o) a-b 

This coincides with (15.31) . since the density of states for the free 
Schrodinger operator is 

P (0 = (2 7 r)- i r 1/2 (7.i) 

for f e [0, oo) (Example 8.1 of [I]). 
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